In this paper we show that in some important cases 4-dimensional data can be extracted from superstring theory such that a) the data are 4 Euclidean geometries embedded in standard R 4 , b) these data depend on NS and D brane charges of some string backgrounds, c) it is of potential relevance to 4-dimensional physics, d) the compactification and stabilization techniques are not in use, but rather are replaced. We analyze certain configurations of NS and D-branes in the context of SU (2) WZW model and find the correlations with different exotic smoothings of R 4 . First, the dynamics of D-branes in SU (2) WZW model at finite k, i.e. the charges of the branes, refers to the exoticness of ambient R 4 . Next, the correspondence between exotic smoothness on 4-space, transversal to the world volume of NS5 branes in IIA type, and the number of these NS5 branes follows. Finally, the translation of 10 dimensional string backgrounds to 4 Euclidean spaces embedded as open subsets in the standard R 4 is achieved.
Introduction
The problem with successful inclusion of effects of exotic open 4-manifolds like exotic R 4 into any physical theory, is the notorious lack of an explicit coordinatelike presentation of these smooth manifolds. In the series of our recent papers we addressed this issue and worked out some relative techniques allowing for analytical treatment of small exotic R 4 's 12,11,13,36 . Based on these results we will show in this paper a rather unexpected relation between configurations of D-branes in some exact string backgrounds with the exotic smoothness structure of the R 4 . This relation is not only a pure formal correspondence but instead we see it as a way to 4-dimensional physics. The proposed realization is different and independent on various compactifications or model building techniques worked out so far by string theorists and aiming also at the description of our 4-dimensional world. Why do we develop any alternative to the well established phenomenological approach in string theory? The answer is rather direct. First, in spite of the substantial effort results worked out in string theory are highly ambiguous: there exist about 10 500 possible backgrounds as candidates for real physics. Second, the appearance of exotic smoothness of Euclidean R 4 in the formalism of string theory is a direct indication that this formalism deals with dimension 4 at the fundamental level. Even from a very general point of view, if different string constructions refer indeed to exotic 4-smoothness on Euclidean 4-space, there is a chance to reduce the above-mentioned ambiguity. When additionally we would have a good understanding of how 4-exotics refer to real physics there is a big chance to solve the puzzle of a relation between string theory and 4-dimensional physics. Even though much remain to be done this paper serves as the first important step into this direction.
The basic technical ingredient of the analysis of small exotic R 4 's enabling uncovering many applications also in string theory is the relation between exotic (small) R 4 's and non-cobordant codimension-1 foliations of S 3 as well gropes and wild embeddings as shown in 12 . The foliations are classified by the Godbillon-Vey classes as elements of the cohomology group H 3 (S 3 , R). By using S 1 -gerbes it was possible to interpret the integral elements H 3 (S 3 , Z) as characteristic classes of the S 1 -gerbes over S 3 11 . In the next section we will explain the whole complex of ideas more carefully. The following section deal with the relation between string backgrounds and exotic R 4 . A discussion of the results closes the paper.
Exotic R 4 and codimension-one foliations of the 3-sphere
The main line of the topological argumentation can be briefly described as follows: to M ′ by using a series of operations called surgeries. This procedure can be visualized by a 5-manifold W , the cobordism. The cobordism W is a 5-manifold having the boundary ∂W = M ⊔ M ′ . If the embedding of both manifolds M, M ′ in to W induces homotopy-equivalences then W is called an h-cobordism. Furthermore we assume that both manifolds M, M ′ are compact, closed (no boundary) and simplyconnected. As Freedman 31 showed a h cobordism implies a homeomorphism, i.e. h-cobordant and homeomorphic are equivalent relations in that case. Furthermore, for that case the mathematicians 26 are able to prove a structure theorem for such h-cobordisms: Let W be a h-cobordism between M, M ′ . Then there are contractable submanifolds
Thus, the smoothness of M is completely determined (see also 3,4 ) by the contractible submanifold A and its embedding A ֒→ M determined by a map τ : ∂A → ∂A with τ • τ = id ∂A and τ = ±id ∂A (τ is an involution). One calls A, the Akbulut cork. According to Freedman 31 The main idea is the construction of a grope, an infinite union of surfaces with non-vanishing genus, from the Casson handle. But the grope can be represented by a sequence of polygons in the two-dimensional hyperbolic space H 2 . This sequence of polygons is replaced by one polygon with the same area. From this polygon we can construct a codimension-one foliation on the 3-sphere as done by Thurston 39 . This 3-sphere is part of the boundary ∂A of the Akbulut cork A. Furthermore one can show that the codimension-one foliation of the 3-sphere induces a codimension-one foliation of ∂A so that the area of the corresponding polygons agree.
Thus we are able to obtain a relation between an exotic R 4 (of Bizaca as constructed from the failure of the smooth h-cobordism theorem) and codimensionone foliation of the S 3 . Two non-diffeomorphic exotic R 4 implying non-cobordant codimension-one foliations of the 3-sphere described by the Godbillon-Vey class in H 3 (S 3 , R) (proportional to the area of the polygon). This relation is very strict, i.e. if we change the Casson handle then we must change the polygon. But that changes the foliation and vice verse. Finally we obtained the result:
The exotic R 4 (of Bizaca) is determined by the codimension-1 foliations with nonvanishing Godbillon-Vey class in H 3 (S 3 , R 3 ) of a 3-sphere seen as submanifold
We say: the exoticness is localized at a 3-sphere inside the small exotic
Geometry of string backgrounds and exotic R 4
In this section we take the point of view that exotic smoothness of some small exotic R 4 's when localized on S 3 ⊂ R 4 , correspond to some string geometry given by so-called B-fields on S 3 . The localization is understood as the representation of the exotics by 3-rd integral or real cohomologies of S 3 . This correspondence is restricted to the classical limit of the geometry of string backgrounds seen as a curved Riemannian manifold with B-field. One can say that the small exotic smooth R 4 given by a localized S 3 is described by string geometry of B-fields on this S 3 . The correspondence can be extended to the string regime of finite volume of SU (2) WZW model.
SU (2) WZW model, D-branes and exotic R 4
In this subsection we want to focus on the change of smooth structure on R 4 . As explained above, we realize the plan by considering the changes as localized on S 3 . Following 12,11 , this change gives rise to stringy effects, since the changes can be described by computations in some 2D CFT, namely WZW models on SU (2) at finite level.
The dynamics of branes in the bosonic SU (2) WZW model
First we start with a discussion of the bosonic SU (2) WZW model and dynamics of branes in it. We deal here with S 3 , i.e. the metric of string background has non-zero curvature. In general, a non-vanishing curvature R(g) w.r.t. a non-constant metric g of the background manifold (M, g) on which bosonic string theory is formulated, enforces the H -field on M to have a non-zero value. This fact can be seen by using the string field equations(see e.g. 38 )
where H = dB is the NSNS 3-form, B = B(x)dx µ ∧ dx ν is the B-field, and dilaton field has a fixed, constant value. Furthermore in the case of superstring theory this equation still holds true provided all RR background fields vanish 38 .
D-branes in group manifold SU (2) (at the semi-classical limit) are determined by wrapping the conjugacy classes of SU (2), i.e. (degenerated) 2-spheres described by a 2-sphere S 2 having two poles each localized at a point. Due to the quantization conditions there are k + 1 D-branes on the level k SU (2) WZW model 29,38,5 . To grasp the dynamics of the branes one should deal with the gauge theory on the stack of N D-branes on S 3 , quite similar to the flat space case where noncommutative gauge theory emerges 14 . Following this idea, the action for the brane dynamics is given by the following argumentation.
Given N branes of type J (on top of each other), where J is the representation of SU (2) k i.e. J = 0,
Then the dynamics of these branes (see 23 ) is described by the noncommutative action:
Here the curvature form
The fields A µ , µ = 1, 2, 3 are defined on a fuzzy 2-sphere S (2), read
The solutions of (3) sphere but also as the condensed state of N point-like branes at the identity of SU (2) 38 :
Turning to the finite k string regime of the SU (2) WZW model one can make use of the techniques of the boundary CFT when applied to the analysis of Kondo effect 38 . It follows that there exists at the level of partition functions a continuous shift between N χ j (q) and the interfered sum of characters j N l JN j χ l (q) where N = 2J N +1 (in the vanishing value of the coupling constant) and N l JN j are Verlinde fusion rule coefficients. In the case of N point-like branes one can determine the decay product of these by considering open strings ending on the branes. The result on the partition function is
which is continuously shifted to N χ JN (q) and next to j N j JN JN χ j (q). As the result we have the decay process 38
which extends the similar process derived at the semi-classical k → ∞ limit in the effective gauge theory (4), however the representations 2J N are bounded now, from the above, by k.
Brane charges and exotic R 4
Given the above dynamics of branes in the WZW SU (2) model at string regime, one can address the question of brane charges in a direct way. This is based on the (5) says that placing N point-like branes (each charged by the unit 1) at the pole e they can decay to the spherical brane J N wrapping the conjugacy class. Taking more point-like branes to the stack at e gives the more distant S 2 branes until reaching the opposite pole −e where we have single point-like brane with the opposite charge −1. Having identify k + 1 units of the charge with −1 we arrive at the conclusion that the group of charges is Z k+2 . More generally the charges of branes on the background X with non-vanishing H ∈ H 3 (X, Z) are described by the twisted K group K ⋆ H (X) (see e.g. 17 ). In the case of SU (2) we get the group of RR charges as above for
Turning to the exotic R 4 case based on 12 , we have for a given nonzero integral class H ∈ H 3 (S 3 , Z) exotic R Recall that in the case of H = 0 (e.g. B constant in a flat space, i.e. in k → ∞ limit) the smooth structure on R 4 is the standard one 12 . Thus the exotic smoothness on R 4 translates the 4-curvature to the non-zero H-field on S 3 of finite volume in string units. This is similar to the effect of string field equations relating R and H as in (1), though it holds now between different spaces (R 4 and S 3 ).
SU (2) WZW model in the geometry of the stack of NS5-branes
The manifold SU (2) = S 3 is the only group manifold which became relevant so far for the description of small exotic R 4 . From the other side it is the only one which appears directly as part of a string background (namely one generated by NS5-branes). That is why the connection of 4-exotics and string theory can be naturally formulated in the geometry of the stack of NS5-branes. Let us briefly describe this string background 29,38,21 .
We consider a configuration of k coincident supersymmetric NS5-branes in type II theory. The full fivebrane background is (in string frame)
where x are the 5 + 1 longitudinal coordinates along NS5-branes referred to by indices µ, ν, etc., y being 4 transverse coordinates referred to by indices I, J, K ... and r = |y|, 1/α ′ ∼ string tension. The fields of this background are given by
where y j , j = 1, ..., k are the positions of the NS5-branes. When the branes coincide at 0, y j = 0, the near horizon solutions y → 0, are 
In the near-horizon limit r = |y| 2 → 0, the background factorizes into a radial component as well in a S 3 and flat 6-dimensional Minkowski spacetime. Strings propagating at this limiting background are described by the exact world-sheet CFT with the target
Here R φ is the real line with the parameter φ which is a scalar corresponding to the ,,linear dilaton"
The flat Minkowski space R 5,1 is longitudinal to the directions of NS5-branes, S 3 k is SU (2) k and is a level k WZW supersymmetric CFT (SCFT) on SU (2) as discussed in the previous section. This S 3 corresponds to the angular coordinates of the transversal R 4 . We see that the infinite ,,throat" R φ × S 3 k , emerges with the metric of the background (in the string frame)
This background is obtained in the near horizon geometry (i.e. φ → −∞ (r → 0) ) of the stack of k − 2 NS5-branes in type II string theory and is in fact a SCFT on the throat. The NS5-branes are placed at φ → −∞ and string theory is in a strong-coupling regime, i.e. g s ∼ exp(2Φ). In the opposite limit (φ → +∞, or r → +∞) gives asymptotically flat 10-manifold and string theory is weakly coupled in that limit. This is essentially the CHS (Callan, Harvey, Strominger 22 ) exact string theory background where SU (2) WZW model appears at suitable level k. Given the CHS limiting geometry of N NS5-branes we have the 4-dimensional tube R φ ×S 3 . The volume of S 3 in string units is finite and correlated with the number of NS5-branes by N = k−2 21 . We take an exotic R 
instead of the tube R φ × SU (2) k . The chopping of the strong coupling region is now performed by taking the SCFT
. This means, on the level of k NS5-branes, the separation of these 5-branes along the transverse circle of radius L. Now the double-scale limit of LST is the one when taking both g s and L to zero while L gs remains constant. Following 28 we can take systems of D4, D6-branes between separated NS5-branes. The various expressions like correlation functions can be now calculated perturbatively in the holographically dual 6-dimensional LST theory. Besides, suitable compactifications may refer to the spectra with the TeV scale of the standard model of particles. The dependence on k of some of these expressions can be seen again as the signature of that these expressions were obtained by standard factorization and projection from non-factorized exotic 4-geometries.
Exoticness of the 4-space transversal to the world-volume of NS5-branes, is reflected in specific perturbative spectra of D-branes when calculated in dual 6-dimensional LST. When compactifying this LST on 2 directions longitudinal to the 5-brane one gets spectra which could be sensitive on transversal exoticness of R 4 . This is in fact the reformulation of the rule R1. The NS5-branes backgrounds show that string theory computations ,,feel" the 4-exoticness. On the ather hand, these 4-exotic regions contain information about branes in certain string backgrounds.
Discussion and conclusions
In this paper we tried to give a partial answer to the important question: Is it possible that string theory deals with 4-dimensional structures directly neither by implementing compactifications nor by phenomenological models-building, and these structures would have a physical meaning?
We propose that the structures are nonstandard smoothings of the Euclidean 4-space. Here we present the scenario where exotic smoothness on Euclidean R 4 appears in string theory and is correlated with the charges, hence dynamics, of NS and D branes in certain string backgrounds. We gave topological reason for the above correspondence: when a WZW model on SU (2) at the level k appears in string theory as a part of exact string backgrounds then we will get a correspondence by placing this SU (2) = S 3 as a part of the boundary of the Akbulut cork. Thus exotic smoothness of the Euclidean R the boundary of the Akbulut cork. In the CHS limiting geometry of the stack of k NS5-branes we are able to show that there exists a 4-region of this solution which is projected from the unique exotic R 4 k via factorization. In that way the dependence on k appears and the string solution remembers the original exoticness via this dependence. We conjecture, that a theory without projection should be considered as fundamental for string theory. In the CHS background the lifted theory describes small exotic R 4 's as embedded in the standard R 4 . These data are projected on the factorized string background R 5,1 × R φ × SU (2) k . Moreover, the close relation with string theory opens the possibility that exotic metrics on R 4 k could be derived from string theory calculations.
At present the construction of any metric for any exotic R 4 is untractable. To recognize 4-exotic geometry from the point of view of string theory one could try to formulate a modified DBI action for D-branes in the lifted theory which would explore exotic 4-spaces, similarly as various D-branes do for transversal R φ ×SU (2) k . One possibility is the usage of D3-branes in this string background. These D3-branes fill the 3-space R φ × S 2 where 2-spheres are the conjugacy classes of SU (2). Again, the number of allowed conjugacy classes depend on the level k WZW model on SU (2) whereas the standard smooth structure on R φ × SU (2) follows from this factorization. It was proposed in 12 to consider some correlation functions between states in the WZW model, and use these states to characterize exotic 4-smoothness. One could also deal with a kind of superposition referring to quantum correlation functions. Or, one should consider wild embeddings of S 2 in R φ × S 2 which directly refers to exotic R 4 's 12 . Then one loses the factorization, and, on the other hand, approaches the branes in string theory as a quantum object. These ideas will be the topic of our next paper.
Further, one could wonder whether exotic smooth R 4 's are suitable objects when dealing with 4-dimensional physics: Are these structures relevant to physics at all? This important question was already answered, though partially in some research papers 20, 19, 18, 7, 9, 8 and see also the textbook 10 . In particular in 12 we showed that exotic smoothness of an open 4-region in spacetime have the same effect as the existence of magnetic monopoles, i.e. exotic smoothness induces the quantization condition for the electric charge. By using 13 , one finds many further arguments to consider the exotic R 4 's as quantum object, i.e. the spacetime induces the quantization processes. The work on uncovering 4-dimensional physics from exotic R 4 's by using the quantum-physical point of view is currently developed, which should be seen as complimentary to the string theory thread. Completing this work should give more essential understanding of the formalism of string theory as referring to 4-dimensional physics which is not covered by compactification. On the other hand our understanding of the phenomenon of exotic 4-smoothness on open manifolds has a chance to be broaden.
